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Abstract
We adopt the Hartree-Fock (HF) method in the proton-neutron-Λ
(p-n-Λ) formalism and the nucleon-Λ Tamm-Dancoff Approximation
(NΛ TDA) to study the energy spectra of medium-mass hypernuclei.
The formalism is developed for a potential derived from effective field
theories which includes explicitly the 3-body NNN forces plus the
Y N LO potential. The energy spectra of selected medium-mass hy-
pernuclei are presented and their properties discussed. The present
calculation is the first step of a project devoted to ab initio studies
of hypernuclei in medium and heavy mass regions. This may pro-
vide a guide for a better understanding of the Y N interactions at
momentum scales not accessible in few-body hypernuclei.
1. Introduction
Hypernuclei have been studied within many theoretical
approaches. Let us mention some of them. Faddeev or
Yakubovsky equations based on realistic baryon-baryon
interactions have been used to study the A = 3 and A = 4
systems [1]. Ab initio calculations of spectra of light hy-
pernuclei up to the p-shell have been performed within no-
core shell model [2, 3] and fermionic molecular dynamics
[4]. Medium-mass and heavy hypernuclei have been stud-
ied mostly within phenomenological models. The list in-
cludes calculations performed within the antisymmetrized
molecular dynamics [5], the shell model [6], relativistic [7]
and Skyrme [8, 9] mean field theories.
There are very few theoretical approaches which use re-
alistic interaction to describe the hypernuclei above the p-
shell. Among them, let us mention the auxiliary field diffu-
sion Monte Carlo (AFDMC) method [10, 11] which adopts
local baryonic forces and the hypernuclear mean-field
model using realistic nucleon-nucleon (NN) and nucleon-
Λ (NΛ) interactions [12, 13].
The first requirement for a mean field approach is that
the calculation must provide a satisfactory description of
the density distributions, root-mean-square (rms) charge
radii, and single-particle energies of the nucleons in the
nuclear cores. In fact, the single-particle energies of Λ in
hypernuclei are mainly affected by the nuclear core rms
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radii and the density distributions. This is a consequence
of the Bertlmann-Martin inequalities which link the split-
ting of the Λ 0s and 0p single-particle levels with the nu-
clear rms radii [14]. On the other hand, HF is not able to
reproduce the correct nuclear binding energies. Ground-
state correlation are to be included for this purpose [15].
The HF calculations using only realistic 2-nucleon NN
interactions underestimate the nuclear radii [16] and over-
estimate the relative gaps among the nucleon single-
particle levels [17]. Their correct description was partly
achieved by including a phenomenological repulsive den-
sity dependent (DD) term simulating the NNN interac-
tion [16, 17]. In our previous work [13], in fact, such a
DD force was added to the optimized chiral NN potential
NNLOopt [18] to generate the hypernuclear mean field.
In order to avoid free phenomenological parameters it is
desirable to use a 3-body NNN interaction deduced from
effective field theories. Such a term is included in the chi-
ral NN +NNN NNLOsat potential derived recently [19].
This interaction was optimized so as to reproduce the low-
energy nucleon-nucleon scattering data as well as binding
energies and radii of selected nuclei up to oxygen and car-
bon isotopes [19]. It was used successfully in a recent HF
+ Random Phase Approximation (RPA) calculation of nu-
clear multipole resonances [20] and in a calculation based
on the self-consistent Green’s function approach (SCGF)
to study the potential bubble nucleus 34Si [21].
In this paper we adopt the above potential within the
HF method in the proton-neutron-Λ formalism to generate
the mean field for hypernuclei with an even-even nuclear
cores.
Additionally, we develop the NΛ TDA to describe hy-
pernuclei consisting of one Λ coupled to the even-odd or
odd-even nuclear cores. The 3-nucleon NNN force is in-
cluded in the derivation of the NΛ TDA only at the 2-body
level of its normal-ordered form. The residual 3-body term
gives zero contribution and is, therefore, ignored.
In this paper, we first implement the chiral NN+NNN
NNLOsat potential as force acting among nucleons, and
we study the influence of its 3-nucleon NNN term on the
1
rms charge radii, and nucleon single-particle energies of
the nuclei 16O, 40Ca.
We investigate the effect of the NNN force on the
single-particle energies of Λ in 17Λ O and
41
Λ Ca and on the
energy spectra of the 16Λ O,
40
Λ K. The interaction of Λ with
nucleons is described by the NΛ−NΛ channel of the chi-
ral Y N LO potential [22]. We do not take into account
the influence of the Λ− Σ mixing. This issue is discussed
in the final Section of the text.
The methods presented here are the first step of our
project. Our long-term goal is to go beyond the mean-
field approximation by including more complex many-
body configurations.
This goal will be achieved by a straightforward exten-
sion to hypernuclei of the Equation of Motion Phonon
Method (EMPM) developed for nuclear structure studies
[33] and adopted extensively for light and heavy even-even
[34, 35, 36] and medium mass odd-even nuclei [37, 38, 39].
2. Theoretical Formalism
The adopted Hamiltonian has the structure
H = T + V NN + V NNN + V NΛ − TCM , (1)
where T is the kinetic energy operators of nucleons and Λ,
V NN , V NΛ, and V NNN stand for the 2-body NN , NΛ,
and the 3-body NNN interactions. The term TCM is the
centre-of-mass kinetic operator
TCM =
1
2[(A− 1)mN +mΛ]
(
A∑
a=1
~p2a + 2
∑
a<b
~pa.~pb
)
, (2)
where A is the baryon number, ~pa the momentum operator
of the a-th particle, mN ≈ 938 MeV and mΛ ≈ 1116 MeV
are, respectively, the masses of nucleon and Λ.
In the second quatization formalism, the Hamiltonian
(1) becomes
H =
∑
ij
tpija
†
iaj +
∑
ij
tnijb
†
ibj +
∑
ij
tΛijc
†
i cj
+
1
4
∑
ijkl
V ppijkla
†
ia
†
jalak +
1
4
∑
ijkl
V nnijklb
†
i b
†
jblbk
+
∑
ijkl
V pnijkla
†
i b
†
jblak +
∑
ijkl
V pΛijkla
†
i c
†
jclak
+
∑
ijkl
V nΛijklb
†
ic
†
jclbk
+
1
36
∑
ijklmn
V pppijklmna
†
ia
†
ja
†
kanamal
+
1
36
∑
ijklmn
V nnnijklmnb
†
ib
†
jb
†
kbnbmbl
+
1
4
∑
ijklmn
V ppnijklmna
†
ia
†
jb
†
kbnamal
+
1
4
∑
ijklmn
V pnnijklmna
†
i b
†
jb
†
kbnbmal, (3)
where a†i (ai), b
†
i (bi), and c
†
i (ci) are, respectively, the cre-
ation (annihilation) operators for protons, neutrons, and
Λ. The hypernuclear mean field is generated by solving
the self-consistent HF equations
tpij +
∑
kl
V ppikjlρ
p
lk +
∑
kl
V pnikjlρ
n
lk +
∑
kl
V pΛikjlρ
Λ
lk
+
1
2
∑
klmn
V pppikljmnρ
p
mkρ
p
nl +
1
2
∑
klmn
V pnnikljmnρ
n
mkρ
n
nl
+
∑
klmn
V ppnikljmnρ
p
mkρ
n
nl = ε
p
i δij , (4)
tnij +
∑
kl
V nnikjlρ
n
lk +
∑
kl
V pnkiljρ
p
lk +
∑
kl
V nΛikjlρ
Λ
lk
+
1
2
∑
klmn
V nnnikljmnρ
n
mkρ
n
nl +
1
2
∑
klmn
V ppnklimnjρ
p
mkρ
p
nl
+
∑
klmn
V pnnklimnjρ
p
mkρ
n
nl = ε
n
i δij , (5)
tΛij +
∑
kl
V pΛkiljρ
p
lk +
∑
kl
V nΛkiljρ
n
lk = ε
Λ
i δij , (6)
where ρpnm = 〈HF|a
†
man|HF〉, ρ
n
nm = 〈HF|b
†
mbn|HF〉 and
ρΛnm = 〈HF|c
†
mcn|HF〉 are the proton, neutron and Λ den-
sities, respectively, and εpi , ε
n
i , ε
Λ
i the single particle ener-
gies.
The solution of the HF equations yields the single-
particle energies of Λ bound in the even-even nuclear core.
The states of the Λ bound in the odd-even or even-odd
core are determined in the NΛ TDA. We first solve the
HF Eqs. (4), (5) for the nuclear core and, subsequently,
solve Eq. (6) to obtain the self-consistent single-particle
energies εΛi and basis states for Λ. We, then, introduce
the proton-Λ and neutron-Λ phonon operators
R†µ,pΛ =
∑
ph
rµ,pΛph c
†
pah¯, (7)
R†µ,nΛ =
∑
ph
rµ,nΛph c
†
pbh¯, (8)
where ah¯ = anh¯lh¯jh¯mh¯ = (−1)
jh+mhanhlhjh−mh . These op-
erators represent a general superposition of the Λ-particle
(p) nucleon-hole (h) configurations. The coefficients rµ,pΛph ,
rµ,nΛph are fixed by solving the following eigenvalue equa-
tions∑
ph
(
(εΛp − ε
p
h)δpp′δhh′ − V
pΛ
h¯p′h¯′p
)
rµ,pΛph =
= (EpΛν − EHF)r
µ,pΛ
p′h′ , (9)∑
ph
(
(εΛp − ε
n
h)δpp′δhh′ − V
nΛ
h¯p′h¯′p
)
rµ,nΛph =
= (EnΛν − EHF)r
µ,nΛ
p′h′ . (10)
3. Calculation Details and Results
In order to solve the HF eigenvalue problem we represent
the Hamiltonian (3) in the harmonic oscillator (HO) basis.
The nucleon and Λ HO states depend on the oscillator
lengths bN and bΛ which are fixed by the frequency ωHO
through the relation
bN(Λ) =
√
h¯
mN(Λ)ωHO
. (11)
2
The HF solutions do not depend on the parameter h¯ωHO
if the basis is large enough. We have put h¯ωHO = 16
MeV. As we shall see, we reach a good convergence by
including all two-body and three-body matrix elements
under the restrictions {|ij〉 : 2ni + li + 2nj + lj ≤ Nmax}
and {|ijk〉 : 2ni + li + 2nj + lj + 2nk + lk ≤ Nmax}, with
Nmax = 12.
3.1. HF investigation of 16O and 40Ca cores
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Fig. 1: Radial density distributions ρ(r) of 16O (a) and 40Ca
(b) for different Nmax.
The radial density distributions, charge radii, nucleon
single-particle energies, and binding energies of 16O, 40Ca
are calculated by solving the HF Eqs. (4), (5) for nucleons
only (ρΛ = 0).
As shown in Fig. 1 the radial density distribution in
40Ca converges with Nmax more slowly than in
16O. In
both nuclei, however, a saturation value is reached. A
good convergence is reached also for the neutron single-
particle energies εni (Fig. 2).
In order to study the effect of the 3-nucleon NNN com-
ponent of the NNLOsat potential on the rms charge radii
and neutron single-particle energies we perform calcula-
tions with and without this term.
The mean square charged radius is given by
< r2ch >=
(
1−
1
A
)
1
Z
< r2p > +R
2
p +
N
Z
R2n +
3h¯2
4m2pc
2
,
(12)
where < r2p >=
∫
dr r4ρp(r) is the mean-square proton
point radius, Rp = 0.8775(51) fm, R
2
n = −0.1149(27) fm
2,
and 3h¯
2
4m2pc
2 = 0.033 fm
2 [19].
As shown in Table 1, the charge radii rch calculated
with the 2-nucleon NN interaction only are too small.
They are enhanced, in much better agreement with the
experiments, once the NNN force is included. It is worth
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Fig. 2: The neutron single-particle energies εni of
16O (a) and
40Ca (b) calculated for different Nmax.
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Fig. 3: The neutron single-particle energies εni of
16O (a) and
40Ca (b) calculated with NN (I) and NN+NNN (II) interac-
tions. The empirical data (emp) [24] are shown for comparison.
to notice that the phenomenological DD term adopted in
our previous study produces a similar effect [13].
The 3-body NNN force has also the very important ef-
fect of reducing the separation between the neutron single-
particle levels, as clearly illustrated in Fig. 3 for 16O,
and 40Ca. An analogous effect was produced by the phe-
nomenological DD term [13].
The effect of the 3-bodyNNN force on nuclear radii and
3
Table 1: The charge radii rch =
√
< r2ch > [fm] of
16O
and 40Ca calculated with NN and NN+NNN forces are
compared with the experimental data (exp) [23].
AX NN NN +NNN exp
16O 2.19 2.77 2.70
40Ca 2.58 3.54 3.48
Table 2: Binding energies per nucleon BE/A [MeV] cal-
culated with NN and with NN+NNN forces in 16O and
40Ca compared to the experimental values (exp).
AX NN NN +NNN exp
16O 7.36 2.66 7.98
40Ca 11.65 2.31 8.55
nucleon single-particle energies is caused by its repulsive
character. This term, in fact, reduces strongly the binding
energies of 16O, and 40Ca which are underestimated by a
factor ∼ 3 and ∼ 3.7 respectively (Table 2), indicating
that ground state correlations are needed.
The strong impact on the physical observables induced
by more complex configurations emerges from the calcula-
tions using the NNLOsat potential within a Coupled Clus-
ter (CC) [19] and a SCGF approach [21].
The effect of the correlations has been also studied
within the EMPM using the NNLOopt potential [15].
This calculation yielded a contribution to the binding
energy coming from two-phonon correlations comparable
to the HF contribution. The impact on the charge radius
was very modest instead.
On the ground of this EMPM calculation and the results
obtained in Refs. [19, 21] with NNLOsat, we expect that
the ground state correlations estimated within the EMPM
should counterbalance the contribution coming from the
strongly repulsive NNN part of the NNLOsat potential
thereby filling to a large extent the gap with experiments.
3.2. Spectra of 16Λ O,
17
Λ O,
40
Λ K and
41
Λ Ca hypernuclei
The hypernuclear energy spectra are affected by the strong
dependence of the Y N LO potential on the regulator cut-
off parameter λ. We put λ = 550 MeV. This value yields a
more bound Λ particle with the energies closer to the em-
pirical values. In general, bigger cutoff λ causes an overall
upward shift of the energy levels (Fig. 4). However, the
separations among single-particle levels remain relatively
stable.
Figs. 5 and 6 point out the good convergence of the
energy spectra with respect to the parameter Nmax of the
studied hypernuclei.
As shown in Fig. 7, the energy gaps among the Λ single-
particle levels in 17Λ O and
41
Λ Ca are significantly reduced
once the NNN interaction is included. The relative dis-
tances among s−, p−, and sd− major shells are in fair
agreement with the empirical levels. The whole spectra,
however, are shifted upward with respect to the empirical
one due to the underestimation of the binding energies.
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Fig. 4: The Λ single-particle energies εΛi in
17
Λ O (a) and
41
Λ Ca
(b) calculated for two different values of the regulator cutoff λ
of the LO Y N potential.
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Fig. 5: The Λ single-particle energies εΛi in
17
Λ O (a) and
41
Λ Ca
(b) calculated for different Nmax.
Clearly, more complex configurations need to be included.
The NNN interaction affects strongly also the relative
energy spectra in 16Λ O and
40
Λ K. As illustrated in Fig. 8,
it reduces strongly the gaps among the levels in 16Λ O in
very close agreement with the experiments [27] and an
analogous reduction of the separation energies is obtained
for 40Λ K (Fig. 9) where no experimental data are avalaible.
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Fig. 6: The energies (EnΛν −EHF) of
16
Λ O (a) and (E
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ν −EHF)
of 40Λ K (b) calculated for different Nmax. The red (blue) lines
represent the states with the negative (positive) parity.
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Fig. 7: The Λ single-particle energies εΛi in
17
Λ O (a) and in
41
Λ Ca (b) calculated with NN (I) and NN + NNN (II) in-
teractions. The empirical energies (emp) interpreted from the
experimental measurements of 16Λ O [25] and
40
Λ Ca [26] are shown
for comparison.
4. Summary and Outlook
The results presented here emphasize the impact of the 3-
nucleon NNN component of the chiral NNLOsat potential
on nuclei and hypernuclei.
In nuclei, in particular 16O and 40Ca, the NNN force
improves the description of the radial densities by flatten-
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Fig. 8: The relative energies of 16Λ O calculated with NN and
NN + NNN forces. The experimental data (exp) [27] are
shown for comparison.
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Fig. 9: The relative energies of 40Λ K calculated with NN , and
NN +NNN forces. The red (blue) lines represent the states
with the negative (positive) parity.
ing their distributions, enhances the nuclear radii in agree-
ment with the empirical ones, and yields nucleon single-
particle energies in close correspondence with the empir-
ical levels. However, its strong repulsive character brings
the theoretical binding energies far from the experimental
data.
In hypernuclei, we obtain the Λ single-particle levels
of 17Λ O,
41
Λ Ca with realistic energy gaps and in close corre-
spondence with the observed levels by an appropriate rigid
5
translation of the whole spectra. This shift is very sensi-
tive to the regulator cutoff λ of the NY LO potential. This
potential grows linearly with λ and, therefore, affects little
the relative energies of the hypernuclear spectra studied
here. The relative energies of 16Λ O and
40
Λ K also are in bet-
ter agreement with the available experimental data once
the NNN force is included.
To fill the gap with the experimental nuclear binding
energies and to reproduce the absolute energies of hyper-
nuclei, for the adopted value of the regulator cutoff λ, it
is necessary to include more complex excitations.
We plan to study the effect of the ground-state correla-
tions and the coupling of the Λ-particle to many particle-
hole excitations of the core resorting to the EMPM already
mentioned in the introduction.
This method constructs and solves a set of equations
of motion to generate an orthonormal multiphonon basis
built of TDA phonons. The solution of the eigenvalue
equation in the multiphonon basis so constructed yields
highly correlated states, including the ground state. It can
be implemented for any realistic Hamiltonian, does not
rely on any approximation and takes the Pauli principle
into full account.
We extend the method to hypernuclei with even-even
and odd-even nuclear cores. In the two cases we couple,
respectively, the Λ states and the NΛ TDA phonons to
the multiphonon excitations of the nuclear cores.
We intend to apply this theoretical framework to the hy-
pernuclei 40Λ K, and
48
Λ K, whose production is being planned
at JLab [40]. Our calculations can provide the hypernu-
clear wave functions needed for the theoretical analysis of
this production.
Another important step is the inclusion of the Λ − Σ
mixing in the Y N interaction. This will be accounted for
by following the procedure of Ref. [29] which incorporates
the NΛ −NΣ part of the chiral LO Y N interaction into
the NΛ − NΛ channel. The procedure is based on the
SRG transformation [30] in the Wegner’s formulation [31],
which leads to the suppression of the Λ − Σ conversion
terms in the Hamiltonian.
The SRG transformed interaction must include the 2-
body Y N as well as the 3-body Y NN . The SRG trans-
formed Y N force alone overestimates by several MeV the
binding of Λ in the p−shell hypernuclei [29] with respect
to the experimental values. This over-binding is reduced
to a large extent by the strongly repulsive SRG induced
Y NN term. We expect an analogous behavior also in
heavier hypernuclei. In general, it would be also worth to
implement other realistic Y N interactions like the chiral
next-to-leading order (NLO) Y N interaction [32].
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